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Traditional descriptions of multiphase flow in porous media rely on an extension of
Darcy’s law along with relationships between capillary pressure (P°), saturation (S),
and relative permeability (K,). New theories have been proposed which suggest that P°
relationships should include a dynamic coefficient (1) (Hassanizadeh and Gray, Water
Resour Res. 1993,29:3389-3405) to indicate how “quickly” or “slowly” flow equilib-
rium is reached. While validity of these theories must be examined, it is also necessary
to determine the significance of t and its range of values. In this article, we analyze
the significance of t depending on fluid properties. We address the ways in which they
cause nonuniqueness of dynamic two-phase flow in porous media and, hence, dynamic
effect. Simulations are conducted for quasi-static and dynamic flow of perchloroethy-
lene (PCE) in water saturated domains. The data are then fitted to the dynamic P¢
relationships to obtain values of t. The effects of flow directions and, viscosity and
density ratios are discussed. To consider the lumped effects of various fluid properties,
17-S relationships are examined for silicone oils. The results are interpreted by examin-
ing the correlation between t and a mobility coefficient, m. We discuss a scaling rela-
tionship that shows the dependence of t on fluid and material properties. © 2007 Ameri-
can Institute of Chemical Engineers AIChE J, 53: 2505-2520, 2007
Keywords: two-phase flow, porous medium, capillary pressure, relative permeability,
saturation, dynamic effect, nonaqueous phase liquids, fluid property, scaling relations

Introduction

The displacement of one or more fluid(s) by other immis-
cible fluid(s) in porous media is encountered in many chemi-
cal, petroleum, and environmental engineering problems. A
common example is the subsurface contamination by nona-
queous phase liquids, NAPLs (e.g., oils, perchloroethylene
(PCE), etc), produced and accidentally spilt by various chem-
ical process industries. They may remain in the subsurface
for hundreds of years and are an environmental threat world-
wide. Current approaches for describing immiscible flow
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behavior at continuum scale are based on a multiphase ver-
sion of Darcy’s law and, constitutive relationships between
capillary pressure (P°), saturation (S), and relative permeabil-
ity (K;), which are generally obtained at quasi-static condi-
tions.>” The P°-S-K, relationships are highly nonlinear in
nature and depend on a number of factors, e.g., flow dynam-
ics (i.e., steady or dynamic), dominant forces (e.g., capillary
or viscous), contact angles, material properties, types of het-
erogeneity, boundary conditions, scales of observation, etc.
Effects of these parameters have been discussed extensively
in the above literature and others.*'* The main focus of dis-
cussion in this article is the relationships between fluid prop-
erties (e.g., viscosity and density ratio) and dynamic effects
in P°-S-K, relationships for two-phase flow in 3D porous
media.

One of the most controversial issues in the current theories
of multiphase flow in porous media, which has received con-
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siderable attention in the literature, is the significance and
interpretation of dynamic capillary pressure effects on multi-
phase flow behavior.">*!52° This is different from the
effects of dynamic flow rate at domain boundaries and, can
be defined as the dependence of P°-S—K, relationships on
time derivative of saturation (9S/0¢) while the fluid flow at
domain boundary may or may not be time dependent. The
“dynamic capillary pressure” effect, to be called as
“dynamic” or “nonequilibrium” effect from here after, stems
from the fact that at the pore scale the fluid—fluid interfaces
have a tendency to change positions so that the multiphase
system obtains an equilibrium between external and internal
forces governing the flow dynamics and, hence, dS/dr.*" If
the governing forces change in magnitude from equilibrium
values, the fluid—fluid interfaces tend to move to new equilib-
rium positions. Over the years, a number of approaches have
been reported which attempt to describe how fluid phases or
fluid—fluid interfaces move in porous materials under none-
quilibrium conditions.”*** It is accepted that when a multi-
phase system reaches equilibrium the fluid phases maintain
own flow paths through the domain.”> However, to reach
equilibrium positions the fluid phases need a finite relaxation
time depending on the scales of observation and any other
conditions.>?! This is generally characterised by a “capillary
damping coefficient” or “dynamic coefficient” or “relaxation
parameter,” which determines the speed and/or the ease with
which flow equilibrium is reached. For example, in porous
domains with micro-heterogeneities, the fluid—fluid interfaces
need larger relaxation time or force/energy to reach equilib-
rium positions. Hence, the dynamic coefficients are higher in
heterogeneous porous domains as compared with those in ho-
mogeneous domains.”

If the steady state P°-S—K, relationships are employed to
describe a dynamic two-phase flow system, as commonly
done, it implies that any disturbance in the system due to
changes in governing forces is eliminated instantaneously or
within a short period of time. This is plausible in some cases,
e.g., if the domain is very small in size. However, in most
realistic cases, the above assumption is contrary to experi-
mental and theoretical evidence, as discussed in a number of
previous studies.”'>'?2" In general, the P°~S—K, relationships
need many days to weeks to reach equilibrium at laboratory
scale domains (10- to 12-cm long). For larger scale problems
or low permeability materials, this time period is envisaged
to be even bigger. For the P° relationships to be independent
of dynamic effects so that the current multiphase flow theo-
ries based on steady state assumptions may be used at shorter
time durations, the system must be independent of flow dy-
namics. Since this is not the case, Hassanizadeh and Grayl
proposed a capillary pressure relationship which relates aver-
age P° at dynamic (P®™) and equilibrium (P°%") conditions
and, include a damping coefficient (1), as shown below:

(Pc4dyn _Pc,equ)|s _ _77‘5 (1)

where S is the average water saturation [—] in the domain
and, ¢t is the time [s]. In Eq. 1, the capillary pressure,
P° [kgm ! s7%], is defined as (Pyw — Py) for both equilib-
rium (“equ”) and dynamic (“dyn”) flow conditions, where
P, and P,, are the average pressure [kgm71 s 2] of the non-
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wetting and wetting fluid phases, respectively. © [kgm71 s 1]
establishes the speed at which fluid—fluid interfaces reach
equilibrium positions and, provides a linear dependence of
(Pedm — peeat) on 9S/0r. While the qualitative meaning of
7 is understood, there are still significant uncertainties on the
range of its values for various cases and hence applying
Eq. 1 to solve real life problems. In very small domains,
where the fluid—fluid interfaces may reach equilibrium instan-
taneously, one may argue that © =~ 0. In these cases, Eq. 1
reduces to Pc’dy"] ¢ = Po°%¢, which means that the dynamic
and steady state P° are the same at that scale at a given satu-
ration. However, if the domain size increases 7 also increases
implying that the relaxation time for the fluid—fluid interfaces
is higher. This was discussed by Gielen et al.'® who reported
a dynamic pore scale network model and showed that t
increases with increasing averaging domain size. Gielen
et al.'® reported values of 7 up to 1.2 X 10° kgm ™' s~ '.

In general, any parameter that increases the relaxation
time for the fluid—fluid interfaces also increases the value of
7, or vice versa. Mirzaei and Das” examined the effects of
porous media permeability on 7 in 3D core scale domains
(with gravity effect) and showed that 7 is higher for a do-
main with lower permeability. Bourgeat and Panfilov’ rightly
argued that nonequilibrium effects are caused by heterogene-
ity in porous media. Hassanizadeh et al.'” used a number of
data sets from the literature to demonstrate that dynamic
effects exist in laboratory scale experiments for measuring
P°-S-K, relationships, which are in the range 3.0 X 10* to
2.0 X 10" kgm ™' s~'. Manthey et al.'"® carried out simula-
tions of 2D drainage experiments (without gravity) to investi-
gate effects of micro-heterogeneities on 7 and reported values
between 10° and 10’ kgm™' s™'. Mirzaei and Das” also
examined the micro-heterogeneity effects on t in 3D core
scale domains (with gravity) and showed that t increases
with the amount of heterogeneity in the domain provided the
heterogeneities are fine material (less permeable) imbedded
in coarser material (more permeable). They showed that 7 is
a nonlinear function of water saturation and it increases as
wetting phase saturation decreases. The studies by Bourgeat
and Panﬁlovg, Manthey et al.,18 and Mirzaei and Das® are
particularly important since real porous samples (e.g., soil)
invariably contain regions of heterogeneity and/or areas of
varying permeability. Mirzaei and Das® also carried out nu-
merical experiments in both 2D and 3D cylindrical homoge-
neous and heterogeneous domains and reported values of the
order of 10° to 10° kgm ™' s~ '. Mirzaei and Das indicated
that 7 is almost the same in 2D or 3D homogeneous domains
for isotropic permeability whilst it is generally higher for 3D
heterogeneous domain as compared to those for 2D heteroge-
neous domain for the same intensity of heterogeneity. 7 is
also shown to increase with decrease in permeability anisot-
ropy ratio, defined as the ratio of the vertical permeability to
horizontal permeability. Oung et al.® examined centrifugally
accelerated drainage and imbibition with water and PCE and,
pointed out that the results obtained from such experiments
do not represent static flow conditions due to nonequilibrium
effects. They calculated t at higher water saturation (S >
0.5) in the range of 90 to 270 kgm ' s~ ' for fine sand and
14 to 55 kgm ' s~! for coarse sand.

At first sight it may seem that the above observations are
general enough that they may hold for any combination of
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wetting and nonwetting fluids. However, this is not the case
and the roles of fluid and material properties and, the inter-
play of various forces that determine equilibrium behavior of
multiphase systems are very complex. Consider, for example,
the frontal instabilities of fluid—fluid interfaces, which depend
strongly on fluid properties along with the domain micro-
structural characteristics. These instabilities affect the dynam-
ics of the multiphase systems and may generate viscous or
gravity fingers of various shapes and sizes. At the moment,
there is little work in the open literature, which considers the
changes in dynamic coefficient (7) due to variation in fluid
properties in realistic cases, e.g., 3D domain with gravity
forces, and therefore it is difficult to draw any general con-
clusion(s) as to the effects of fluid properties on 7.

Stauffer® came up with the following scaling relationship
from laboratory experiments of unsaturated flow, which gives
a dependence of the relaxation parameter on various material

and fluid properties:

‘ P\ ?

= Wi _ )
AK \pg

where 7 is the relaxation parameter, o is a dimensionless
parameter (defined to be 0.1); ¢ and K are the porosity and
intrinsic permeability of the material (isotropic); pu and p
are the viscosity and density of the wetting phase; P® and /
are the Brooks and Corey parameters which depend mainly
on the pore and particle size distribution of the materials
and, g is the gravity constant. Stauffer showed that the
relationship between Pc'd"np& and q’)% is a straight line.
Hassanizadeh et al.’* substituted various t(= 45;) into a nu-
merical model based on dynamic capillary pressure relation-
ships to determine the range of 7 that has a tangible effect
(>10%) on unsaturated flow behavior and obtained values
of 7> 10°. Tsakiroglou et al.?® performed drainage experi-
ments with paraffin oil and water in a 2D horizontal etched
glass pore scale network. Tsakiroglou et al. concluded that
at the pore scale the displacement of fluids is capillary force
dominated. On the other hand, at the network scale, the fluid
displacement is dominated by capillary or viscous forces
depending on the size of the network and capillary number
(Ca). They define Ca as the ratio of the pressure drop across
a single pore to the capillary pressure required for filling a
pore with nonwetting fluid. Tsakiroglou et al. reported val-
ues of 7 in the range 10°-10® kgm ™' s™'. By using a bundle
of noninteracting capillary tube model of different pore size
distributions, Dahle et al.'” showed that the value of the
dimensionless group tK/¢uL? increases with decrease in the
wetting phase saturation (S), except at high saturation
(S > 0.8) where this trend is the opposite. In this dimension-
less group, L is a characteristic length of the domain.
Recently, Gielen?” has considered effects of viscosity ratios
on T using a pore scale network model for cases where (a)
effects of gravity are ignored and (b) domain size is much
smaller compared with the one used in this article. Gielen
reports maximum © values of ~4000 kgm ' s™' for viscos-
ity ratio (ft,,, /) Of 20 at wetting phase saturation 0.4. Gie-
len also finds that t increases with increase in viscosity ra-
tio, i.e., as the stability of fluid fronts increase. We show
later in this article that the opposite trend may be found,
i.e., T values decrease with increase in the stability of
fluid fronts.
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The above studies clearly show the importance of consider-
ing the effects of fluid properties on t. As mentioned before,
the interplay of various forces and fluid properties, which
determine t for given material properties and domain size, is
such that they need careful considerations. If the scenario is
such that the fluid—fluid interfaces are unstable at a given satu-
ration, then one may envisage that t would be higher compared
with another case at the same saturation where the interfaces
are more stable. However, whether or not this hypothesis is
correct needs a thorough analysis. The spatial and temporal
distributions of the fluid—fluid interfaces affect the average
fluid saturation (S) in the domain. However, they are of less im-
portance in the present context as we are interested in deter-
mining macroscopic 7—S relationships and not (i) the distribu-
tion of the dynamic fluid/fluid interfaces and (ii) the size and
shape of the fingers that may generate in the domain. In fact,
we recognise that it is not trivial to relate the effects of (i) and
(ii) on 7 using the continuum scale modelling tool used in this
study. Other approaches have been reported which consider the
dynamics of fluid—fluid interfaces**>****® and development
of fingers for both saturated and unsaturated porous domain,*
which the readers may refer to, if interested.

Following the above discussions, this work aims to charac-
terize dynamic capillary pressure effects on two-phase flow
in porous media by examining the variation of the capillary
damping coefficient (t) for a number of numerical drainage
experiments at the core scale. Our main objective is to
address the effects of viscosity and density ratios of the fluid
phases on t. The importance of gravity forces in causing
dynamic effect is considered by simulating two-phase fluid
flow in various directions. To aid in our analysis, a simple
criterion is developed (Appendix 1), which allows determin-
ing whether the fluid front is less or more stable depending
on fluid properties, directions of flow, etc. The concluding
section summarises the findings in this work and also dis-
cusses a functional relationship, which shows the dependence
of 7 on various fluids and material properties.

Governing Model Equations

In this section, we discuss the model equations used to
describe two-phase flow behavior in porous media.

Mass balance

Conservation of fluid mass in the porous media is gov-
erned by the following continuity equation,

g(qﬁpa&) +V(p,0,) =0 for a=wnnw (3

where ¢ [—] is the porous media porosity, Q, [m> s~ '] is
the average flux, S, [—] is the saturation, and p, [kgm73] is
the density of fluid phase o. As evident, the conservation
equation is written in terms of fluid saturation (S,) in the do-
main which is the ratio of the volume of fluid phase o in the
sample to the total pore volume of the sample. The saturation
of the wetting (w) and nonwetting (nw) phases in the domain
are related as below,

Sw + Sow =1 “)
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Force balance

Multiphase flow through porous media is the result of
gravity, viscous, pressure, and inertia forces although for
most practical cases inertial forces can be neglected. In this
work, the multiphase version of Darcy’s equation is used to
describe the conservation of forces for wetting (w) and non-
wetting (nw) phases:

= KK
0,=— (VPy+ p,gVz) for

o

o= W,nw (@)

where, Qa [m>® s7!] is the average Darcy flux, K [m?] is
intrinsic permeability defined as isotropic in this work, K,
[—] is relative permeability, u, [kgmf1 s s dynamic vis-
cosity, VP, [Kgm 2 s~ 7] is pressure gradient of phase «,
and Vz [—] is the gradient of upward unit vector.

Brooks—Corey relationship for capillary pressure

Brooks and Corey” relationship is used in this work to
relate capillary pressure to wetting phase saturation,

pe\ 4
Sew = (ﬁ) for P°> P! (6)
Sew =1 for P°< P! )
Sew = <%> for 0<Sey <1 (8)

where, S.., [—] is the effective wetting phase saturation, P
[Nm™ 2] is entry pressure, A [—] is pore size distribution
index and S, [—] is irreducible wetting phase saturation.

Brooks—Corey—Burdine relationship
for relative permeability

The presence of two or more fluid phases affects the per-
meability of the media to each fluid phase. Pore space avail-
able to a phase for flow is decreased by the presence of other
phase(s) and, the length and tortuosity of the flow paths
increased. There are also viscous interactions between the
two fluids at the interface between them, which affect
the permeability of the fluid. To include these processes in
the simulation of two-phase flow, we use the Brooks—Corey—
Burdine* relationship, which allows the calculation of rela-
tive permeability for each phase in porous media.

) 4
Ky = Sew <#) (9)

Krnw - (1 - Sew)2 <1 - Sew <¥)> (10)

where, the relative permeability, K., and K,,,, of the wetting
and non-wetting phases in the domain.

Averaging procedures

To determine the average capillary pressure for the domain
we use a saturation weighted capillary pressure at each nu-
merical node, as shown in Eq. 11:
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Saturation weighted average P°:

Peli, = (Pow)ln, = (Pw)ls,

; (l - Swj)inj ;SW_]PWJ
=|E _E (11)
E(l _Swj) Swj

j=1 =1 '

-

where 7, [s] is an arbitrary n'™ time step, (Pny)|;, and (Py)],,
[Nm ™ ?] are the volume averaged nonwetting and wetting
phase pressure, Py and Py, [Nmfz] are the nonwetting and
wetting phase pressures, and S, and S,,; [—] are the satura-
tion corresponding to nonwetting or wetting phase pressure
at time ¢, in an arbitrary jth node, where j = 1,2, 3, ..., m,
m being the total number of nodes in the domain.

At individual node, the saturation and volume of the wet-
ting and nonwetting fluids are related as below,

ij + Vnwj = ¢ X VJ (12)

V .
Sg:vj:(qd), o= w,nw (13)
Swi + Sawj =1 (14)

where V;, Vi are the volumes of wetting and nonwetting
fluid phases in the 3D cell centred around an the arbitrary
node j of volume Vj, respectively. S, is the saturation of
the nonwetting phase at node j.
We use a volume averaging of water saturation to calculate
the average water saturation in the domain at different times.
Volume averaged water saturation:

m
o SWJ‘/j |t,,
Swle =—F5— (15)

We also need values of dS/0t at a specific saturation and
time to estimate 7 as discussed in the section titled “determi-
nation of dynamic coefficient (7).” This is calculated by a
linear interpolation between the values of 9S/0t at neigh-
bouring points on S—¢ curve, as shown below:

_ l (Sw|tﬂ — Sw|t,171 + Sw|’u+1 B SW|T/,> (16)
St 2 In — In—1 Int1 — In

a8
ot

where Sy, ,, Swlr,» Swl|,,, are the average saturation in the
domain are corresponding to time #,,—1, t,, t,+1-

Description of Numerical Simulation

Simulator used: Subsurface Transport Over Multiple
Phases

The two-phase flow simulations have been carried out
using the oil-water mode of STOMP (http://stomp.pnl.
gov/).*”

STOMP is a FORTRAN code which was developed to
simulate various modes of two-phase flow phenomena. It has
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Figure 1. (a) 3D cylindrical porous domain (b) 2D rectangular domain on x-z plane of a 3D rectangular domain.

The 3D cylinder is used in most simulations while the 2D domain is used to investigate the effects of flow directions on the dynamic coef-
ficient (7). The volumes of the 3D and 2D domains are almost the same. Further, the area of the 2D plane is the same as the 2D plane
passing through the middle of 3D domain in (a). The effects of domain shapes on 7 are discussed by Mirzaei and Das.

been applied to a number of engineering problems including
study of dynamic capillary pressure effects. > 131431733 The
spatial discretisation of the governing equations is done using
a standard finite volume method.>**> This ensures that mass
is conserved in individual numerical cells as well as the
entire domain. The nonlinear terms in the discretized govern-
ing equations are linearized using the Newton—Raphson itera-
tive method for multiple variables. Temporal discretization is
based upon an implicit time stepping. Numerical results are
shown to have negligible dependence on the mesh size 21314
Operation of the simulator relies on a series of input cards in
which the geometry of the domain, boundary conditions,
fluid and material properties, constitutive relationship, con-
vergence criteria, etc., are specified.

Model parameters

Figures 1a,b shows the dimensions and spatial discretization
of the domains used. In most simulations in this work, we use
the three dimensional (3D) cylindrical domain (Figure 1a).
However, a two dimensional (2D) rectangular plane/domain of
a 3D rectangle (Figure 1b) is also used in this work to investi-
gate the effects of flow direction and gravity on dynamic coef-
ficient. The model parameters used in our simulations are
detailed in Tables 1 and 2. We have chosen the same parame-
ters as used by Das et al.'*!* and Mirzaei and Das” to maintain
a continuity of our previous work. In most cases, we have used
PCE and water as the nonwetting and wetting fluid (Table 2)

Table 1. Porous Media Properties Used in

Our Simulations®!>143336

Property Coarse Sand  Fine Sand
Permeability, K(m?) 5% 107°  5x10712
Porosity, ¢(—) 0.40 0.40
Displacement pressure, P4(kgm ™' s7?) 370 1325
Pore size distribution index, A(—) 3.86 2.49
Irreducible water saturation, S;,,(—) 0.078 0.098
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at a reference temperature of 20°C. However, in some cases,
we have also used silicone oils and water as the nonwetting
and wetting phase (Table 2) at reference temperature of 25°C.
Two different reference temperatures are chosen because PCE
properties are available at 20°C while properties of silicone oil
are available at 25°C. In Table 3, the number of cells and
nodal spacing for 2D rectangular and 3D cylindrical domains
are shown, corresponding to Figures 1a,b.

Initial and boundary conditions and determination of
capillary pressure relationships

We have carried out the simulations to mimic pressure
cells for the measurement of drainage P°—S—K, relationships.
The domain is defined to be fully saturated with water (wet-
ting phase) initially. Then, the nonwetting phase is forced
into the domain which drains water out of the porous sample.
We impose “no-flow” boundary conditions for the wetting
and nonwetting phases on the inflow and outflow faces,
respectively. The side walls of the domain are defined to be
impermeable to both fluid phases. The boundary conditions
used for the dynamic simulations are shown in Table 4. For
both steady-state and dynamic simulations the wetting phase
on the outflow face is held at atmospheric pressure.

In all simulations, the domain is defined to be a homoge-
neous porous sample. The procedures to determine the quasi-
static P° relationships are as follows. An arbitrary but
extremely small initial pressure of nonwetting phase is
defined. A zero initial pressure is not imposed to avoid nu-
merical errors in the simulations. Then, the pressure of the
nonwetting phase on the boundary of injection is gradually
increased. When P° is the same as the entry pressure (P of
the medium, nonwetting phase enters the sample and displa-
ces water. The simulation is carried out until steady-state
flow conditions are reached according to the imposed toler-
ance limit, that is, saturation at all grid points does not
change with time or 9S/0¢ is smaller than a tolerance limit
(10" in this case). The calculated average saturation and P°
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Table 2. Properties of Fluids Used in This Work: Water, PCE, and Silicone Oils (Oil 1-4)

Reference Absolute Viscosity Ratio at Reference Specfic Gravity Surface Tension
Fluid Temperature (°C) Viscosity u (cP) Temperature v = fny/thy (—) (-) (dynes/cm)
Water 20 1.0 - 1.002 35.0%
Water 25 0.891 - 1.000 72.0°7
PCE 20 0.9 0.9 1.630 21.1%*
oil 1* 25 0.493 0.6 0.760 15.9%
Oil ZT 25 4.58 5.1 0.916 19.7%*
oil 3* 25 48.05 54.0 0.963 20.8%*
oil 4* 25 485.53 545.0 0.973 21.1%

*Water—PCE/Oil system.
TWater—air system.
*Reference: www.baschem.co.uk.

provide one point of the P°~S curve. This is the point where
fluid phases moves to equilibrium positions such that the
imposed forces are the same as forces within the domain.
The imposed nonwetting phase pressure is then increased
and the simulation is continued until a new steady state is
obtained. This provides a second point for P°-S curve. The
same procedure is continued until a P° of 11,000 Pa is
reached. At this point the sample is deemed to have reached
its irreducible wetting phase saturation (S,y,). In Figure 2, we
show how a single point on a steady-state P°-S curve is
derived from the simulated data. In the figure, the dashed
line is the imposed boundary P° at different time intervals
while the full lines are the domain averaged data as it
reaches steady state. For simulating dynamic two-phase flow
behavior, the imposed nonwetting phase pressure at the top
of domain is increased to a high pressure once and drainage
is allowed to take place until the domain reaches S,,.

Determination of dynamic coefficient (1)

To determine the dynamic coefficient (7), the P°=S curves
obtained from quasi-static and dynamic simulations are used.
The average values of PoIYn peeat and 9s /Ot are determined
as described in the section titled averaging procedure. The
averaged data for (Pc’dy“ — Pe*®) and 9S/0¢ are then fitted
to a straight line, if possible. The slope of this straight line
provides the dynamic coefficient () for that particular case.
This is in accordance with Eq. 1 which shows that if pedm
P1" and time derivative of saturation (9S/df) are known at
a given saturation value, 7 can be determined.

Results and Discussions

A number of authors have discussed various features of
dynamic and static P°-S-K, curves for different
cases. 014151927 Nevertheless, we present some typical P°-S

curves for drainage of water by PCE in a 3D fine sand domain
for completeness of the discussion in this article (Figures 3 and
4). As discussed before, the simulated data are fitted to the lin-
ear dynamic P relationship (Eq. 1) and 7 calculated following
the procedures discussed in section “determination of dynamic
coefficient (7).” It is obvious from our results (Figure 5) that
the data fit reasonably well to the relationship for S,, < 0.4 if
an additional intercept parameter “b” is included although no
obvious correlation between “b” and the model parameters are
found. When S, > 0.4, our results do not conform to the linear
relationship accurately and 7 values are relatively small (7 <
10° kgm ' s~ 1). This is observed for both fine and coarse sand
domains for the properties mentioned in Table 1. At t >10°
kgm™' s™' the dynamic effect, i.e.,(P*®" — P°4) becomes
appreciable for both coarse and fine sand for the parameters
and domain size chosen in this work. We also observe that at
higher wetting phase saturation, the linear relationship may not
be the most appropriate functional form to fit the simulated
data.

Consistent with most previous studies, 7t is found to
increase with decrease in aqueous saturation and it becomes
particularly large for low aqueous saturations (Figure 5).
Here OS/0t is small and the equilibrium conditions are
approached slowly, perhaps due to disconnected fluid phases.
At high water saturation when the fluid phases generally
remain connected, Tt values are found to be smaller, which
imply that equilibrium conditions is reached quickly/easily.
However this is not the case when water saturation decreases.
In this work, dynamic coefficient values up to 10" kgm 's7!
are found close to irreducible water saturation in fine sand
(Figure 5). These are larger than most previously reported
data in the literature; however it is plausible since most
values reported in the literature are for 2D domain without
gravity effects, smaller domains and/or at higher aqueous
saturation where 7 is generally found to be smaller.

Table 3. Number of Nodes and Nodal Spacing for 2D Rectangular and 3D Cylindrical Domain for Download Flow

Number of Nodes X Nodal Spacing

Domain Geometry N X Ar, (cm) N X A®, (degree) N X AX, (cm) N X AY, (cm) N X AZ, (cm)
2D Rectangular - - 8 X 1.25 1 X792 1 X 0.05,24 X 0.5, 1 X 0.05
3D Cylindrical 4 X 1.25 4 X 90 - - 1 X 0.05,24 X 0.5, 1 X 0.05

N: Number of nodes.

Ar: Nodal Spacing in r direction for 3D cylindrical domain.
A®: Nodal Spacing in ® direction for 3D cylindrical domain.
AX: Nodal Spacing in X direction for rectangular 2D domain.
AY: Nodal Spacing in Y direction for rectangular 2D domain.
AZ: Nodal Spacing in Z direction for rectangular 2D domain.

2510 DOI 10.1002/aic

Published on behalf of the AIChE

October 2007 Vol. 53, No. 10 AIChE Journal



Table 4. Boundary Conditions for Different Dynamic Drainage Cases with NAPL (PCE or Silicone Oil) as Nonwetting Phases

Inlet Boundary (Top,

Bottom of Domain)

Left Side or Outlet Boundary (Bottom, Right Side

or Top of Domain)

Displacement case

Dynamic case-1 50 cm NAPL head 110,505
Dynamic case-2 70 cm NAPL head 113,703
Dynamic case-3 100 cm NAPL head 118,500
Dynamic case-4 135 cm NAPL head 123,297

Dirichlet NAPL Pressure (Pa)

Zero Flux Water Dirichlet water Pressure (Pa) Zero Flux NAPL
102,510
102,510
102,510

102,510

Dirichlet BCs of pressure are imposed for NAPL at the inlet and water at the outlet. Zero flux BCs are imposed for water at the inlet and NAPL at the outlet.
The inlet is the top, left side or bottom of the domain depending on whether the flow takes place vertically downward, horizontally or vertically upwards. The

outlet is opposite to the inlet face.

Effects of viscosity ratio (u,,/n,,) on dynamic
coefficient (3D domain)

Our simulations carried out for two-phase flow in fine and
coarse sand show that there is no significant variations of 7
with viscosity ratio (g, /i,) below a threshold wetting
phase saturation, termed S, for future reference. In this work
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Capliary Pressare
[Pa]
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10005

Sy = 0.2, 0.27 for fine and coarse sand as shown in Figures 6
and 7, respectively. We believe this is related to the fact that
as wetting phase saturation decreases, the fluid phases get
disconnected and/or entrapped in the pore space. Conse-
quently, the viscosity ratio has little role to play in determining
the equilibrium behavior of the flow system and, hence, 7.

L A L
[ []
b [evisitas]

o9

o7

(11

Aquiaus Sewshen [-]

m4

03

oz I.

o= | - - i > —m
[]
tiFna [Fiinetes)

Figure 2. The procedure for deriving a single point on a steady-state P°-S curve.

The dotted lines are the P imposed at domain boundary in this work. The solid lines are the values of P° or S, within the domain follow-
ing Eqs. 11 and 15, respectively. We define equilibrium condition as 9S/9¢ < 107! while average P° within the domain is almost equal
to the boundary P¢. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Figure 3. Quasi-static and dynamic drainage P°-S
curves for DNAPL (PCE) flow in fine sand
cylindrical domain (3D).

The viscosity ratio is 0.97 for the simulations. Although
the P°=S curves look similar for various DNAPL heads,
the time derivative of saturation (0S/0r) is different in
various cases, and hence, the dynamic coefficient (7).

At higher water saturation, the fluid phases generally remain
connected and the viscosity ratio has a more prominent effect
on 7. This is confirmed in our results which show that if S >
Sy, T generally decreases for a higher viscosity ratio for a
given saturation. This implies that T decreases for increase in
DNAPL viscosity. A less viscous invading front advances
more quickly into the porous domain. Therefore, it may be
tempting to argue that equilibrium conditions are obtained
more quickly in this case and hence, t should be lower for
lower nonwetting phase viscosity. However, t describes the
development of equilibrium flow behavior at constant satura-
tion and not time levels. Therefore, this argument is not
valid. The stability of the fluid front is the key to determin-
ing how quickly this equilibrium is achieved, and hence, the
values of 7. To explain this point, we consider a mobility
coefficient/ratio (m) defined as,

m= Krw:uwn (]7)
Knw ity

where K., is the relative permeability of the wetting phase,
K. is the relative permeability of the nonwetting phase,
Iaw 1s the viscosity of the nonwetting phase and p,, is the
viscosity of the wetting phase. In Eq. 17 m, K,,, and K, are
function of average saturation in the domain. Up-scaled K, —
S and K,,—S relationships are determined from saturation
weighted average of local K., Knw, and S, data at each
node, for both dynamic and stead-state flow condition.

For the simulations in this section, we maintain the same
boundary pressures for the fluid phases but viscosity ratios
are changed. However, this also changes the Darcy flux
across the domain boundary (Eq. 5) which affects the 7-S§
relationships. We therefore believe that it is more reasonable
to discuss the roles of fluid properties on 7 in terms of
the mobility coefficient (m) for different viscosity ratios
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(Upw/ 1ty ) and not directly with it. This ensures that t is com-
pared for the same parameter which determines the stability
of fluid fronts. As discussed in Appendix 1, the stability of
the fluid front is related to the mobility coefficient and not
simply the viscosity or density ratios. In general, the fluid
front is stable or unstable depending on whether m > 1 or
m < 1, respectively, at a given saturation for drainage of po-
rous material. However, higher is the mobility coefficient,
the more stable the fluid front is due to the less time/force/
energy required by the multiphase system to establish equi-
librium conditions. Therefore, we argue that t decreases if m
increases. This is illustrated in Figure 8 where the corre-
sponding m—S and 1-S relationships for different viscosity
ratios are plotted in case of fine sand. The figure shows a
clear correlation between m and 7, i.e., as m increases T
decreases at a given saturation. High values of 7 are obtained
as Sy, — Siw because mobility ratio tends to be small. The
region of little variation of t with viscosity ratio (i.e., Sy <
Sy) also correlates to the region in which m is close to zero.

To calculate the mobility ratios, the K,—S relationships are
needed for various viscosity ratios at dynamic conditions.
Some typical results are presented in Figure 9 along with the
K,—S relationships at quasi-static conditions. Only one quasi-
static K,—S curve is shown because changes in the viscosity
ratios considered here are found to have practically no effect
on the steady-state K,—S curves.

Effects of flow direction on dynamic coefficient
(2D and 3D domains)

To synthesise the effects of flow directions on 7S rela-
tionships drainage simulations have been carried for PCE
flow (a) downwards from top of the domain (along gravity),
(b) upwards from the bottom of the domain (against gravity),
and (c) horizontal flow with the domain orientated in the hor-
izontal plane (same gravity effects). To begin with, we have
carried out the simulations on 2D rectangular homogeneous
domain (Figure 1b) in an attempt to eliminate any effects of
dimensionality on 7 (Figures 10 and 11). However, we have
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Figure 4. Drainage P°-S curves (100 cm NAPL head)
for varying viscosity ratio (v) in fine sand cy-
lindrical domain.

The viscosity ratio has practically no effect on quasi-static
P°-S relationships and only one P°-S curve is plotted.
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Figure 5. Fitting a linear relationship to the simulated data for capillary damping coefficient determination.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

also determined the 7—S curves for 3D homogeneous sand for
cases (a) and (b) in which both effects of flow directions and
all three dimensions are present (Figure 12). Our results in
Figure 10 show that the highest t values are obtained for
downward infiltration and the lowest for upward infiltration
with 7 values for horizontal flow in-between. This clearly
indicates a directional dependence of the t—S relationships,
which is in keeping with the analysis about stability of the
advancing front (Appendix 1). The fluid considered here is a
DNAPL where density ratio, ¢(= p,w/0w) > 1 and mobility
ratio, m < 1 for the saturation range considered. As dis-
cussed in Appendix 1, downward flow imparts additional
instability to the invading front. Therefore, t is higher in this
case. For flow against gravity, the front is more stable for
DNAPL and therefore 7 is lower. For horizontal flow, gravity
has the same effect on the stability of the fluid front and,
therefore, t values lie between the cases for upward and
downward flow. We illustrate this point further in Figure 11
which shows PCE saturation contour plots for the three sce-
narios at the same average water saturation of 0.3 in the do-
main. Unstable fronts are not visible for the fluid and mate-
rial property chosen. However, the varying nature the fronts
depending on the infiltration directions at the same mean sat-
uration are evident. A pooling of PCE on the outflow face
for all three simulations is seen due to the no flow condition
imposed for the nonwetting phase (pressure cell). It seems
that for downward flow the front is less stable and a larger
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Figure 6. Capillary damping coefficient () for varying
viscosity ratio (v) and aqueous saturation
(Sw) in fine sand cylindrical domain (3D).

Note that in the salmon shaded region, approximated values
of 7 are relatively small and the linear relationship for
dynamic capillary pressure is not necessarily the most
appropriate form, i.e. it is nonlinear. These points are cor-
rect in their order of magnitude but are an approximation
due to the fact that we force the data to a linear relation-
ship. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com.]
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Figure 7. Capillary damping coefficient () for varying
viscosity ratio (v) and aqueous saturation
(Sw) in coarse sand cylindrical domain (3D).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

amount of PCE accumulates at the outflow face. For upwards
flow a smaller amount of PCE accumulates at the outflow
face and there is distinctly greater accumulation of PCE
nearer to the inflow face for a more stable front. This sup-
ports the observation of higher t value for the case of buoy-
ancy forces in line with flow direction.

In case of 3D domains the effects of flow directions on
are less prominent (Figure 12), perhaps because the effects
of dimensionality are also present. Our drainage simulations
suggest that for given fluid properties and boundary condi-
tions, the 7S relationships are similar for both upward and
downward directions; however, in general, t is higher for
downward flow. The same observations are made for various
viscosity ratios provided the density ratios are the same, as
in the case for Figure 12.
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Figure 8. Mobility ratio (m = K,wunw /Kinw pw) and
capillary damping coefficient () as functions
of water saturation (S,,) for varying viscosity
ratio (v = unw/nw) in fine sand cylindrical do-
main (3D).
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Figure 9. Quasi-static and dynamic (PCE head 100 cm)
relative permeability (K,) of the wetting and
nonwetting phases as a function of water
saturation for varying viscosity ratio (v = pnw/
Bw)-

Viscosity ratio has practically no effect on quasi-static K,—S
relationships and only one curve is plotted in this figure.

Effects of density ratio (pnw/pw) on dynamic
coefficient (3D domain)

In this section, we analyze the effects of density ratio
(¢ = pnw/pPw) on 7. Drainage simulations in a vertical cylin-
drical domain of fine sand (3D) have been carried out to
determine 7S relationships (Figure 13) for flow downwards
from the top of the domain and for flow upwards from the
bottom of the domain. The effects of flow directions are par-
ticularly important to consider for the density ratio effects
although perhaps not so much for the viscosity ratio effects
as shown in Figure 12. The nonwetting phase (i.e., PCE)
considered here is a DNAPL where density ratio, ¢ > 1 and
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Figure 10. Capillary damping coefficient (z) for varying
flow directions (upward flow against gravity,
downward flow along gravity and horizontal
with the same gravity effect) in coarse sand
rectangular 2D domain.
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all cases to aid the comparison of PCE saturation distribution. [Color figure can be viewed in the online issue, which is available at
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the mobility ratio, m < 1 for the saturation range considered.
As discussed in Appendix 1, DNAPL imparts additional insta-
bility to the invading front for downward flow during drainage
and therefore 7 is higher in this case. For flow against gravity,
the DNAPL front is more stable and therefore t is generally
lower as compared with those for downward flow for given
density ratio. As regards to the effects of density ratio in the
same flow direction, our results show an increase in T with
increase in density ratio for downward flow (in general). On
the other hand, an increase in 7 is seen for decrease in density
ratio for upward flow. This agrees with the previous observa-
tions that buoyancy forces in the direction of flow will impart
instability in the advancing front and thus lead to higher 7 val-
ues. Buoyancy forces opposing flow lead to a more stable fluid
front and hence, lower 7 values.

Lumped effects of fluid properties on dynamic
coefficient (3D domain)

In the previous sections, we have altered either the density
or viscosity ratio to determine their effects on the dynamic
coefficient keeping all other parameters the same. In practice,
however, the fluid propeties are related and, therefore, one
should expect a lumped effect of various fluid properties on t
and, not simply the effects of the viscosity, density ratio, or
surface tension. To address this issue, we have carried out sim-
ulations with silicone oil (polydimethyl-siloxanes) as a model
nonwetting fluid for the properties mentioned in Table 2. As
shown in the table, silicone oils may have various forms. They
are generally lighter than water (i.e., light nonaqueous phase
liquid, LNAPL) with similar densities but their viscosities may
vary considerably. Therefore, while these fluids allow us deter-
mine the lumped effects of fluid properties, in effect, they also
enable us to reconfirm our previous observations on the effects
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of viscosity ratio (/) on dynamic coefficient (3D do-
main) for a wider range of viscosity ratios (0.6-545).

We carry out vertical drainage simulations (along gravity)
using the silicon oils (Table 2) as the nonwetting phase in fine
sand. The obtained 7S relationships are as shown in Figure 14.
As evident, a trend similar to that found from the simulations
for varying viscosity ratio (i.e., Figure 8) is observed. There is
slight discrepancy for the lowest viscosity ratio (0.6), as Oil 1
has slightly lower t values than Oil 2 at low aqueous satura-
tion. This discrepancy is not surprising as Oil 1 has a consid-
erably lower specific gravity and surface tension than the
other forms of silicone oils. In general, our results follow the
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Figure 12. Capillary damping coefficient (z) for varying
viscosity ratio (v = unw/uw) in fine sand
cylindrical domain (3D) with flow of PCE
downward along gravity and upward against
gravity.
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Figure 13. Capillary damping coefficient (z) for varying
density ratio (c = pnw/pw) in fine sand cylin-
drical domain (3D) with flow of PCE down-
ward along gravity and upward against
gravity.

linear dynamic P€ relationship (Eq. 1) as the aqueous saturation
decreases. The point at which the transition from nonlinear to
linear functional form takes place (as shown in Figure 3) seems
to depend upon the nonwetting fluid used.>'® This suggests
again that at higher wetting phase saturation the dynamic capil-
lary relationship is not necessarily the most accurate form. The
correlation of 7 to the stability of the invading front is evident
in case of all silicone oils, as illustrated in Figures 15a,b. In
both figures, the average water saturation in the domain is 0.3;
however, the saturation distribution is different depending on
fluid properties. Figure 15a shows a relatively stable invading
front for downward flow of Oil 4 at S, = 0.3. This is an
LNAPL of high viscosity (u =487 cp) and corresponds to a
low value of 7. In this case both viscous and buoyancy forces
are highly favourable to a stable front. Figure 15b shows a less
stable front for the downward flow of Oil 1, which is an
LNAPL of low viscosity (u = 0.49 cp). This corresponds to
higher values of 7 (Figure 14).

Further discussions and conclusions

In this work, continuum scale simulations have been car-
ried out to quantify the effects of fluid properties on dynamic
capillary pressure for two-phase flow in cylindrical porous
media (3D). The simulated data have been fitted to a linear
relationship for dynamic capillary pressure,1 which provides
the values of a dynamic coefficient, 7. T indicates the speed/
ease with which a fluid—fluid interfaces may reach equilib-
rium positions at a given saturation. The determination of re-
alistic values of t is particularly important to apply the
dynamic capillary pressure theories in practice. The effects
of fluid properties on t have not very well characterized in
the existing literature. We therefore expect that the results
presented in this article will serve to eliminate some of the
uncertainties that exist at the moment regarding the range of
7 values. The dynamic coefficients found in this work are
nonlinear functions of saturation, increasing for decreasing
aqueous saturation. This is contrary to results of Stauffer®

2516 DOI 10.1002/aic

Published on behalf of the AIChE

(Eq. 2), which suggest that t is independent of saturation.
However our results are consistent with most recent stud-
ies.>!> The linear dynamic capillary pressure relationship of
Hassanizadeh and Gray1 is generally found to be valid for a
range of saturations if an intercept parameter is included in
the original formulation.

The drainage simulations carried out for varying viscosity
ratios (i, /HK,) show a decrease in the dynamic coefficient
for increasing nonwetting fluid viscosity (u,w). This is
thought to be a consequence of the change in stability of the
invading nonwetting fluid front. The stability of the fluid
fronts is indicated in this work by the calculation of a mobil-
ity coefficient (m = Kyl /Kmwity ), Which correlates to 7.
At a given saturation for drainage, a larger mobility coeffi-
cient describes a more stable front and correlates to a lower
value of 7, and vice versa. Simulations carried out for vary-
ing density ratios (p,./p,) and infiltration directions show
an increase in 7 for infiltration directions in which buoyancy
forces are favourable and a decrease in 7 for infiltration in
directions against buoyancy forces. This is again explained in
terms of the stability of the fluid flow front. Buoyancy forces
in the direction of flow impart instability to the front and
buoyancy forces against the direction of flow stabilize the
front. These result in higher and lower values of the capillary
damping coefficient, respectively.

The studies so far (including this work) show that the
dynamic effect is a result of not only the applied boundary
pressure but also the material and fluid properties. As dis-
cussed in the introduction of this article, roles of a number of
material parameters have been discussed in the literature. In
this article, we consider the effects of fluid properties on 7. In
all our simulations, we use realistic properties of the porous
domain and fluids. The fluid properties have been chosen
which are relevant from the viewpoints of environmental pol-
lution. Stauffer® suggested that the size of dynamic effect
depends on the porosity and length of porous media but inde-
pendent of saturation. Stauffer’s scaling relationship also sug-
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Figure 14. Capillary damping coefficient (z) for various
silicone oils in Table 2. Oils are distin-
guished by their viscosity ratio (v = upw/pw)
in the table.

Although the dynamic coefficient here is a result of the
lumped effect of various fluid properties in Table 2, the
density ratios in various oils are not significantly different.
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Figure 15. NAPL saturation contour plots for silicone oils (Table 2) on a symmetrical section (12 cm height X 6 cm
width) of the cylindrical domain (shown on the right) in downward flow direction: (a) reference Oil 4 with

high viscosity and (b) Oil 1 with low viscosity.

In both cases the mean saturation in the domain is 0.3 and the considered NAPL head is 100 cm. [Color figure can be viewed in the
online issue, which is available at www.interscience.wiley.com.]

gests that for porous domain with high entry pressure or low
permeability, the dynamic coefficient is larger. Mirzaei and
Das® demonstrated that the dynamic effect depends on aspect
ratio (L/D) or sample volume (V) and media permeability. The
results presented in this article show that the directions of
flow and gravity affect the size of dynamic effect. From the
parameters identified so far, it seems therefore that t [ML_1
T7Y is a function of wetting phase saturation, Sy, [—]; pore
size distribution index, A [—]; porous medium entry pressure,
PYML T2, porosity, ¢ [—]; permeability [L?]; volume of
the domain, V [LS]; fluids density ratio, ¢ = pnw/pw [—], fluids
viscosity ratio, v = un./iy [—] and, gravity, g [LT?]. Hence,
one may argue that a functional relationship for 7 in terms of
media and fluid properties can be obtained to generalize their
effects. It seems to us that the above variables can be com-
bined into a functional form by applying the Buckingham II-
theorem for dimensional analysis3’37, ie.,

f T 0, P ALKV, c0,8,S [ =0 (18)

dependent  variable independent  yariables

For our dimensional analysis, 7 is defined as the dependent
variable while the remaining parameters are assumed to be
independent so that there is no correlation among them. By
using the Buckingham II-theorem, the above functional de-
pendence can then be reduced to,

©/8 _f(égis)

pdy1/6 (19)
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Equation 19 suggests that it may be possible to obtain a func-
tional dependency of 7 on different variables. The left hand side
of the equation is the dimensionless 7. If derived, scaling rela-
tionships such as shown in Eq. 19 can be very cost-effective in
terms of simulation time to determine 7—S$ relationships for real
life problems at various scales of observations. In practice,
however, it is not trivial to obtain the general solutions to these
relationships, their range of validity and the significant groups
of variables or parameters as T depends on a very complex
interplay of variables. We believe these relationships are best
established by a detailed set of analytical and experimental
studies for specific fluid and material properties which are
beyond the scope of this article. Nevertheless, we have carried
out regression analyses of our simulated results for given ¢, 4,
K, V, and pair of fluids, PCE and water (i.e., known ¢ and v) to
identify the functional dependence of dynamic coefficient. Fol-
lowing the procedures of Buckingham I1-theorem, it seems that
Eq. 19 can be rewritten as below while maintaining the dimen-
sional consistency of the relationship,

dy/1/6 a b
‘[:CPV ?XE K (Sw)ﬂ; g:pnw; U::unw
V& \4 v) \Vv23 Pw My

(20)

where C is a dimensionless constant of proportionality and,
a= f(K/V2/3), b =f(Sy), and ¢ are dimensionless coeffi-
cients. Equation 20 is a scaling relationship which shows that
for given fluid and material properties the dynamic coefficient
varies according to S, and size/volume of the sample (V). The
coefficients C, a, b, ¢ must be obtained for individual scenario
separately. For example, in case of downward PCE flow (along
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Figure 16. Comparison of t-S relationships predicted
from using Eqs. 20 and 21 and by Mirzaei
and Das? for different volumes (V) domain
(3D) for PCE flow in coarse sand (Table 1).

All domains are cylindrical in shape and their volume (V)
is determined by aspect ratio defined as the ratio of length
(L) to the diameter (D) of the domain.

gravity) in 3D coarse sand domain (Table 1), these coefficients
are as follows,

Cc=1

B X —0.0029
a=150.195X (m) (21a—d)
b=-1.6In(Sy) — 6.8

c=-255

In Figure 16, we show how the -S|, relationships pre-
dicted from Eq. 20 for parameters in Eq. 21 compare to
numerically derived S, relationships2 for various size (V)
of coarse sand domain (3D). As evident, the figure indicates
excellent comparisons of the 7—S,, relationships from the two
cases. Such scaling relationships may be obtained in various
scenarios including heterogeneous domain. However, they
are outside the scope of this study and not attempted.
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Appendix

Criterion for analyzing effects of fluid properties
on dynamic coefficient t (simplified case)

In this article, we argue that the roles of fluid properties are
such that they affect the stability of fluid—fluid interfaces and
consequently the dynamic coefficient, . The purpose of Ap-
pendix 1 is to derive a simple criterion to explain how various
parameters may affect the stability of fluid fronts. Although we
carry out 2D or 3D simulations, the criterion is derived for 1D
as it simplifies the analysis. However, the conclusions are gen-
eral enough that they can be adapted for 2D/3D simulations.
For our purpose, we consider drainage of a porous material
placed in a pressure cell, as shown in Figure Al. It is assumed
that for any reason a bump (e.g., finger) of arbitrary size ¢ is
produced as the fluid front moves through the domain. The
fluid—fluid interface is defined to be at x = X;. For simplicity
we also assume that in the region 0 < x < Xy, the domain is at
irreducible water saturation, S, while in the region Xy < x <
X the domain is fully saturated with water (Figure Al). For

Figure A1. A schematic for drainage of porous media
in a pressure cell on the horizontal plane

(-y).
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generality of the approach, the domain and the flow direction
are defined to be at an angle 6 above the horizontal so that for
downward flow along gravity, upward flow against gravity and
horizontal, sin 0 = —1, 1, 0, respectively.

At certain time (f) and average domain water saturation
(Sw), the pressure distributions of the fluid phases in the do-
main are obtained from Darcy’s equation (Eq. 5):

0P 0Py,
2 =0 for 0<X<Xf;W:0 for

Xe<x

Subject to the following boundary conditions (BCs):

Pw=P at x=0;, Py=P, at x=X (A34)

So that, AP = P; — P,. Integrating Egs. A.1 and A.2,
Pw=Ax+B; Py,=Cx+D (A.5-6)

where A, B, C, D are constants of integration. Differentiating
Eqgs. A.5-6 with respect to x, we obtain,

OPpy OP,,
— A .

_ P _ AT-
Ox T Ox ¢ (A7-8)

If the pressures of the wetting and nonwetting phases are
P ¢ and P, ¢ across the fluid—fluid interface at x = Xy, then
the interface capillary pressure is,

P(f:iPnW’f—Pw_f or in,f:P§+PW7f at x =Xy

(A.9)
We define that the Darcy fluxes of the nonwetting (qqw) and

wetting (qw) phases per unit area normal to the fluid—fluid
interface are the same, such that,

Krnw a[)l'IW . Krw aPW .
sinf| = —_— sinf| (A.10
W | o + Prw8 st w, | o + pwg s (A.10)
Or,
A+ pogsind = m[C + p,gsin 0]
Krw o . o . .
wherem = is the mobility ratio/coefficient (A.11)
mw Hy

Solving for the constants in Egs. A.5-6, we find that,
mAP — (mpw — pnw)(X _Xf)g sinf) — IIlP?

A=— A.12
X+ X;(m — 1) (&-12)
B—P, (A.13)
Ce— AP + (mpy, — poy)Xegsin @ — P§ (A.12)
X+ X;(m — 1)
AP + X — in 0 — P¢
D— P2 + + f(mpw pnw)g sin fX (AIS)

X + X¢(m —1)

Assuming that the fluid—fluid interface moves a distance
0X¢ over a time period J¢ at a uniform speed vy, we have
Vi :%. Now, carrying out a mass balance for water flow
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over unit area for the time duration J7, @O0t =
¢0X¢(1 — Syy), where Sy, is the irreducible water saturation
of the porous domain. From this it follows that,

5Xf _ m Knrw
ot ¢(1 - SrW) Haw
o AP — Xp,gsin0 + X¢p,gsin0 — Xyp,,,g sint) — P;

X+ X (m—1)

However, the speed of fluid interface at the tip of the
bump is,

5(Xf+8)7 m Korw
5 (1 —Sm)
% AP —Xp,gsin0+ (X;+¢)py,gsind — (X¢+¢) pyy,gsind — P§
X+ (X +e)(m—1)

Thus, the rate of change of the bump size at a given aver-
age saturation is,

@ _ em(m — 1) Kprw
ot B ¢(1 _STW) Hnw

AP — (X + &) (B~ 1) + X] pygsin0 - P

X+ (Xt + &) (m = D][X + Xi(m — 1)]

Or,

% _ Sm(m - l) Knrw

ot B (f)(l - STW) Haw

AP — [Xf(/;)nw’ — 1) —|—X} Pwgsinl — P§
X+ Xem — P

X i Xp>>e (A.16)

In the absence of gravity forces and capillary pressure at
fluid/fluid interfaces we have,

de 3 em(m — 1) Kurw AP

o A1 = Siw) Mo (X + X¢(m — 1)}2

(A.17)

Equation A.17 suggests that the size (¢) of the bump (e.g.,
finger) decays or grows with time depending on whether
m > 1 or m < 1, respectively. In general, higher is the value
of m the more stable the fluid front is. For the purpose of
this article, we argue that increase in the bump size with
time indicates instability of flow, and vice versa. For stable
flow, the relaxation parameter (t) should be low, i.e., higher
is the value of m, the smaller is the value of 7. Inclusion of
capillary pressure at the fluid—fluid interface (P‘f) stabilizes
the front (Eq. A.16) provided all other parameters remain the
same and P is positive. In other words, 7 is smaller in this
case as compared to the situations where Pf is less, ignored,
or negative. The effects of gravity on d¢ /5t depend on the den-
sity ratio (p,,/pw) and directions of flow, i.e., the value of
g sin 0, 0 being the angle of flow above the horizontal. For
example in case of DNAPL [p,.../pw > 1], downward flow (sin
0 = —1) imparts additional instability to the invading front
(Eq. A.16) and thus 7 is higher as compared with those cases
where gravity is ignored. For flow against gravity (sin 0 = 1), a
DNAPL front is more stable and therefore 7 is lower. For the
horizontal flow gravity has no affect on stability of the front
(sin 6 = 0) and therefore t values for this case lie between the
cases for upward and downward flow. We provide quantitative
supports for some of these arguments/hypotheses through the
results of our 3D numerical simulations of two-phase flow in
porous medium where all effects of m, P§, and g sin 0 are
lumped in the 7—S$ relationships.
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